Abstract. An example due to G W. Mackey is an instance of a class of Banach algebras whose spaces of primitive ideas are not Hausdorff spaces.
Introduction
Let ty(A) be the structure space (space of primitive ideals) of a Banach algebra A. Concerning ^ß(A) a standard reference on Banach algebras [7, p. 135 ] stated in 1973 is: "The topology of the structure space has not so far been very effectively related to the algebraic properties of general Banach algebras,... ". Partly in response to this statement we related in [6] ?ß(A) being a discrete space and ?ß(A) having a dense set of isolated points with the algebraic nature of A .
From the beginning of Banach algebra theory there has been at hand a prominent example of a Banach algebra whose structure space (space of primitive ideals) is not a Hausdorff space. This example is the disc algebra (see [1; 5, p. 303] ). That structure space (there the space of maximal ideals) is even antiHausdorffia the sense that the intersection of any two nonempty open subsets is nonempty.
We show first that a Banach algebra A has a structure space which is antiHausdorff if and only if its radical is a prime ideal in A . Such Banach algebras also play a vital role in the development which we now describe.
Let IF be a closed subalgebra of a Banach algebra A. We study B = c(A, W) which consists of all sequences {x"} where each x" £ A and limx" £ W. This is a Banach algebra under the usual rules for combining sequences where {x"}{y"} = {x"yn}, and the norm is given by ||{x"}|| = sup(||x"||).
For each primitive ideal Q of W the set of all sequences {x"} in B where limx" £ Q is a primitive ideal of B (see §3 ). Such a primitive ideal we call a limit primitive ideal of B. Our interest in these ideals was aroused by an example due to G. W. Mackey described in [5, p. 82 ]. There A is the set of all two-by-two matrices over the complex field and W is the set of all its diagonal matrices. Then B has two distinct limit primitive ideals Kx and K2 which are an anti-Hausdorff pair in the sense that each open subset in the structure space containing Kx intersects nonvacuously each open subset containing K2.
We show that if either A or W has an anti-Hausdorff structure space then any two limit primitive ideals of B form an anti-Hausdorff pair. This allows us to have a rather natural commutative example where we have such pairs. Let A = W be the disc algebra, and let zx ^ z2 be two points in the disc. Let Pk be the set of all sequences {/"} in B, such that (lim fn)(zk) = 0, k = 1, 2. Then Px and P2 form an anti-Hausdorff pair in y$(B).
On the other hand, we show that if IF is a two-sided ideal in A which does not have an anti-Hausdorff structure space then there is a pair of limit primitive ideals of B which is not an anti-Hausdorff pair. Proof. We may suppose that F is a proper ideal in R. Let K be the set of x £ R for which RxR c F. Clearly K D P. Suppose that w £ R and w d¿ p. As P is a prime ideal, there exists y £ R such that wyw £ P. Hence wR (t P. As F is a proper ideal, we have R <t P. Then by [4, As Yk £ % we see that lim;yfc j ^ Qk, k = 1, 2.
Suppose first the ^P(^4) is an anti-Hausdorff space. We must show that ^[0î s nonempty. Consider the case where, for some positive integer m , yx<m £ J and V2>m ^ /. By Lemma 2.2 and Theorem 2.3 there is a primitive ideal Fo of A so that yx>m £ F0 and y2,m $ Po. But then F0(w) lies in ^n^.
Therefore, ÍA[ n % is not empty if we rule out the possibility that, for each positive integer «, either yx>n £ J or y2>" G /. In that case either yx¡n £ J for infinitely many integers n or y2n £ J does so. Proof. Let {x"} G K . As {x"} G flí^í^) : p 6 V(A)} we see that xm £ J for each positive integer m. Suppose every xn £ J and {xn} £ B. Clearly {x"} lies in every P(m), P £ ?ß(A). Now W r\ J is an ideal in W all of whose elements have spectral radius zero. Thus W n J is contained in the radical of IF. Hence, limx" lies in that radical so that {x"} lies in every limit primitive ideal of B. Thus {x"} £ K .
In particular, B is semisimple if A is semisimple. an open neighborhood of To in %S(B). As To G "V, we have limy" g Q. It cannot happen that every yn £ J, for otherwise limy" G W n J which is contained in the radical of W. There is then a positive integer m where ym $ J. For some F g %S(A) we have ym <£ P. Consequently P(m) e^ so that r0 cannot be in 3(B).
